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Abstract 
This paper describes an attempt to predict the occurrence of metastases in _the axillary l y m p h  nodes of e a r l y  
breast cancer patients. Beacause there was only a limited amount of patient data avazlable, conventzonal 
statistical methods were not reliable. Instead, maximum entropy estimation was used to construct models 
based on various risk factors. We describe the rationale for and process of Maximum Entropy estimation, 
the way in which the models were constructed, and the results on a set of 176 patients. 
Keywords: maximum entropy estimation, breast cancer prognosis. 

1 Introduction 
The axillary lymph nodes are the principal sites of re-

gional metastases in early breast cancer patients. Such 
metastases are an important indicator of the future 
course of the disease, particularly with respect to sys-
temic metastases. 

At present, the only way to determine whether 
metastases are present in the lymph nodes is by exam-
ination of the nodes after they have been surgically re-
moved. This causes unnecessary numbness, pain, weak-
ness, swelling and stiffness in patients without such 
metastases [1]. 

If it were possible to determine the extent of metas-
tasizing in the lymph nodes on the basis of informa-
tion about the primary tumour alone, this would be of 
enormous benefit and reduce significantly the number 
of unnecessary surgical procedures performed on early 
breast cancer patients. 

This paper describes an attempt to develop models of 
axillary lymph node involvement based on data relat-
ing to the primary tumour alone. Standard statistical 
methods were oflimited value in this case, because data 
was available from only a small number of patients. It 
was therefore decided to use Maximum Entropy (Max-
Ent) estimation techniques to construct the model, as 
these make more efficient use of small amounts of data. 

The rationale of MaxEnt methods has been described 
by J aynes [2]. Maximising the entropy of a probabil-
ity distribution, subject to constraints, gives the dis-
tribution that satisfies the specified constraints, but 
no others, explicit or implicit. In this sense, it is 
the "most non-committal" distribution that satisfies the 
constraints. 

Another way of looking at the MaxEnt distribution 
is that it is the one satisfing the specified constraints 
which can be realised in the greatest number of ways, 
and therefore is the most likely to occur. Distributions 
that occur in nature are often MaxEnt distributions. 

1 

In the next section, we shall describe the process of 
MaxEnt estimation for multinomial models, and then 
go on to describe how this was applied to the problem 
of estimating lymph node involvement from primary 
tumour characteristics. We shall present some results 
obtained from a small data set. 

2 Maximum Entropy Estimation 
MaxEnt estimation enables us to construct a prob-

ability distribution that satisfies specified constraints 
but no other conditions (explicit or implicit) relating to 
the data from which it is constructed. This is achieved 
by constructing the distribution satisfying the specified 
constraints whose entropy is greater than that of any 
other distribution that satisfies the same constraints. 

Let {p1 , ... , PM} be a discrete probability distribu-
tio~ so that 0 :$ Plc :$ 1 for k = 1, . .. , M and 
:Z::::k:l = 1. Following Shannon, [3], the entropy of the 
distribution is defined to be 

M 

H(p1, ... ,PM)=- ~-~:>k log(p~c), (1) 
lc=l 

where Plc log(p~;) is taken to be zero if Pk is zero. 
It is well known that the uniform distribution Pk = 

1/M for all k is the distribution whose entropy is 
greater than any other distribution on a set of M el-
ements. This property of uniformity or smoothness is 
characteristic of all MaxEnt distributions. Imposing 
additional constraints on the distribution will change 
the shape of the resulting MaxEnt distribution, but it 
will remain more uniform (in some sense) than all other 
distributions that satisfy the same constraints. 

We are interested in the case where the constraints 
take the form of specfied values of the various moments 
of a multinomial distribution. Suppose we have N vari-
ables X 1 , ... , xN, and that the kth variable can take 
discrete values xlc = 0, 1, ... , n~:. We will use MaxEnt 
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estimation to construct a probability density function 
on the set of all possible combinations of values of the 
variables, 

S = {(0, ... ,0), . . . , (nt, ... , nN)}. (2) 

The probability of any outcome in S will be denoted 
by 

Px•, ... ,xN = P(X1 = x 1' ... 'xN = xN). (3) 
Since these probabilities make up a probability den-

sity function, they must satisfy the normalization con-
straint: 

n1 nN 

L · · · L Px1 , •. . ,xN = 1. (4) 
x 1=0 xN:O 

Any function of the variables,/, say, can be used to 
impose a constraint derived from its mean value,< f >, 
by the condition 

n1 nN 

L · · · L Px 1 , •• • ,xN f(xl, · · ·, xN) =,< f >. (5) 
x'=O xN=O 

Of course, there are many other possible types of 
constraints that could be imposed. The constraints de-
rived from mean values, however, usually have physical 
significance. In addition, there is a considerable body 
of theory that has been developed regarding the solu-
tion of the problem of constructing the Max:Ent distri-
bution that satisfies a collection of constraints derived 
from these mean values. 

The constraints that we used in Max:Ent estimation 
are derived from the observed means, variance and 
correlations. If we have M observations, Xt, ... , XM, 
where Xj = (xJ, ... , x.f), these observed values are 

and 

respectively. 

1 M 
< xlc >= - "" x~ MLJ J' 

j=l 

We also used certain third order moments, 

1n some cases. 

(6) 

(7) 

(8) 

It might be thought that using only means, variances 
and correlations in the construction of Max:Ent models 
will not produce good models, since there is a great 
deal of information in the sample that is not being used. 
However, much of the variation in small data sets is the 
result of noise, and the use of mean values of functions 
actually has a stabilising effect. In practice, the models 
turn out to fit the data reasonably well . 

3 The Partition Function 
Suppose we have C functions, ft, . .. , fc, that give 

rise to constraints of the form described. in the previ-
ous section. To maximize the entropy, we could intro-
duce Lagrange multipliers At, ... , Ac and apply stan-
dard constrained maximization techniques. We adopt 
an alternative approach, which invloves the introduc-
tion of the partition function, Z, which is a function of 
the Lagrange multipliers: 

c 
Z(At, .. . ,Ac) = L .. . L exp(- L Amfm(x)) 

(10) 
where x = (x1 , .. . , xN) . 

The use of the partition function is equivalent to the 
usual method of determining the values of the Lagrange 
multipliers. It is simpler than the usual method be-
cause it exploits special characteristics of the Max:Ent 
problem to reduce the problem to a standard form. De-
spite the simplification, the resulting equations are still 
non-linear and must be solved by iterative methods. 
The problem can be simplified further by noting that 
the equations are actually polynomial equations in the 
e->- ... . 

It can be shown that the usual Lagrange multiplier 
approach is equivalent to solving the following equa-
tions for the Am: 

8logZ 
- 8Am =< fm >, (11) 

m=1, ... ,c. 
This is a set of simultaneous non-linear equations for 

the Am, which can be reduced to a set of simultaneous 
polynomial equations in thee->.~. Once the Am are de-
termined, the Max:Ent probability distribution is given 
by 

Px _ exp(- E~-1 Am/m(x) (12) 
- Z(A1J ... ,Ac) ' 

where x = (x1 , ... , xN). 
We use this distribution to estimate probabilities of 

lymph node involvement in individual patients from in-
formation about the primary tumour. 

4 The Breast Cancer Data 
The breast cancer data was obtained from the De-

partment of Pathology at the Queen Elizabeth 11 Med-
ical Centre. It related to 247 patients diagnosed with 
primary breast cancer in Western Australia between 
1990 and 1992. Of these patients, only 176, who were 
treated by surgical excision of the lymph nodes, and for 
whom complete histological information was available, 
were included in the study. All these patients were di-
agnosed with primary infiltrating carcinoma and had 
complete axillary dissection. The extent of the axillary 
lymph node metastases in all 176 patients was known. 

Our primary interest was to ascertain whether lymph 
node status can be determined from an analysis of char-
acteristics of the primary tumour alone. The size of the 

AustralianJourMl of Intelligent Information Processing Systems- Vol 1, No.l March1994 

59 



60 

sample was too small for conventional statistical meth-
ods to be reliable, so we chose to investigate the use of 
MaxEnt estimation, believing that it would give better 
results in this situation. 

The characteristics of the primary tumour were de-
termined by examining haematoxylin and eosin stained 
sections of formalin fixed paraffin embedded material 
taken from the primary tumour. In addition, we also 
included the age of the patient in the set ofrisk factors. 

The clinical and histopathological features used in 
our analysis are: 

• age at the time of diagnosis; 

• mitotic count: the number of relative hyperchro-
matic nuclei in the primary tumour; 

• tubule: detection of tubule formation; 

• nuclear size: size of the nuclei in the tumour; 

• nuclear pleomorphism: a measure of the variability 
in the shape and size of the nuclei in the tumour; 

• tumour grade: a combination of mitotic count, 
tubule, nuclear size and nuclear pleomorphism; 

• tumour size: the gross size (in cm) of the primary 
tumour; 

• vascular invasion: presence of carcinoma within 
peritumoural vessels. 

A complete histological explanation of the features 
is given in [3]. Their significance is also discussed by 
Elston and Ellis [5] . 

The data was divided at random into a training set 
and a testing set. The training set consisted of 42 node-
negative (LN-) patients and 42 node-positive (LN+) 
patients, and was used to construct the probabilistic 
model and to determine the threshold values for as-
signing patients to risk groups. 

The testing set consisted of 50 LN- patients and 42 
LN+ patients. It was used to assess the sensitivity and 
specificity of the models. 

5 Construction of MaxEnt Models 
For the construction of the MaxEnt models, we had 

one outcome variable, which we called z 1 , denoting 
lymph node status. It took the value 0 in node-negative 
(LN-) cases and the value 1 in node-positive cases. 

The remaining variables were called z 2 , ••• , xN, 
where the value of N varied from model to model, de-
pending on the combination of tumour parameters that 
were included in the model. The constraints used in-
cluded the observed values of the means of the outcome 
and of the risk factors, and the observed values of the 
correlation between the risk factors and the outcome. 

We wished to estimate the probability of lymph node 
involvement given a set of values of the tumour param-
eters. The relevant conditional probability is 

( 
1 liA) P(l,x) 

P z = x = P(O, x) + P(l, :X)' (13) 

where :X = (z2 , ••. , x"'). 
We used the data in the training set to compute 

the observed means, variances, correlations and third 
order moments. We selected various combinations of 
the risk factors to form the models and computed the 
values of the Lagrange multipliers using the Newton-
Raphson method to solve the simultaneous polynomial 
equations. We then used equations 12 and 13 to com-
pute the required conditional probabilities. 

Having obtained the conditional probabilities, we 
used the data from the training set to determine a 
threshold for assigning patients to the low-risk (LN-) 
and high-risk (LN+) groups. We then then used these 
probabilities and thresholds to classify patients in the 
testing set and compared the classifications with the 
actual lymph node status. 

We assessed the models on the basis of their sen-
sitivity, defined as the proportion of a LN+ patients 
who were assigned to the high-risk group, and by their 
specificity, defined as the proprotion of LN- patients 
assigned to the low-risk group. 

6 Results from Univariate Models 

We constructed univariate models that combined the 
outcome variable with a single risk factor in order to 
assess the predictive value of individual risk factors. 
Identifying uninformative risk factors is important be-
cause it makes it possible to reduce the number of vari-
ables included in multivariate models. This reduces 
the computational cost of constructing the multivari-
ate models. Identifying informative risk factors is also 
of clinical significance. 

MaxEnt models with one risk factor can be used to 
identify informative factors that have the predicitive 
capability to assign patients to risk groups. This sort 
of analysis is useful in clinical trials with small sam-
ples to determine whether a new factor has significant 
prognostic value. 

To compare the relative informativeness of the differ-
ent risk factors , we computed the quotient of the nega-
tive of the relevant Lagrange multiplier by its standard 
deviation, a ratio we call p. Table I shows the value 
of p for the univariate models constructed from each of 
the risk factors. 

Table I shows that tumour size is the most informa-
tive risk factor, followed by vascular invasion, while age 
and tubule are the least informative. These results are 
in line with clinical expectations. 

Risk factor p 
age 0.046 

mitotic count 1.678 
tubule 0.496 

nuclear size 1.294 
nuclear pleomorphism 2.132 

tumour grade 1.425 
tumour size 6.257 

vascular invasion 5.301 

Table I. Comparison of univariate models 
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Another way of comparing the predicitive signifi-
cance of the risk factors is to compare the univariate 
model which includes constraints derived from both the 
mean of the risk factor and its correlation with the out-
come with the mode1 which includes only the constraint 
derived from the mean of the risk factor. This is done 
be constructing the two models, computing the likeli-
hood of the training data with respect to each model, 
and then applying the Chi-squared test with 1 degree 
of freedom to the difference between the likelihoods. 

Table II shows the results of applying this procedure 
to the univariate models. The p-value from the Chi-
squared test is shown in the second column ~f thi~ table. 
As with Table I, tumour size and vascular mvas10n are 
the most informative risk factors, while age and nuclear 
size are the least informative on this basis. 

Risk factor p-value 
age 0.8320 

mitotic count 0.2300 
tubule 0.1590 

nuclear size 0.7350 
nuclear pleomorphism 0.6900 

tumour grade 0.5060 
tumour size 0.0006 

vascular invasion 0.0930 

Table II. Comparison of univariate models 

7 Results from Multivariate Models 
We constructed multivariate models that included 

more than one risk factor in a step-wise fashion, adding 
risk factors to existing models and determining the sen-
sitivity and specificity of the resulting models. 

Two types of models were constructed. The first only 
included first- and second-order constraints. The sec-
ond type also included third-order constraints. 

We began with the univariate model with the most 
informative factor, tumour size, and added the next 
most informative, vascular invasion. Adding other risk 
factors did not improve the performance of the result-
ing models significantly, and this bivariate model was 
judged to be the best. . 

Table Ill compares the sensitivity and specific1ty of 
the univariate model with tumour size with the bivari-
ate model in which vascular invasion is added. Adding 
vascular invasion increases the sensitivity significantly, 
and makes a small improvement to the speci:ficity. 

Model Sensitivity Specificity 
Tumour size 0.595 0.780 

only 
Tumour size 

and 0.762 0.800 
vascular invasion 

Table Ill. Comparison of best models 

It would appear that the construction of bet ter mod-
els would require the use of more informative risk fac-
tors. 

8 Conclusion 
Maximum entropy estimation has been shown to be a 

useful method for making assessment of axillary lymph 
node status in early breast cancer patients, even when 
the models are constructed from very small data sam-
ples. 

Improving the performance of the models will require 
larger data sets and the inclusion of more informative 
risk factors. 

This work is part of a larger study which is investigat-
ing the use of a number of unconventional mathemati-
cal and statistical techniques for the prognosis of breast 
and other cancers. A comparison of various techniques, 
conventional and unconventional , including logistic re-
gression, MaxEnt estimation and artificial neural net-
works, is currently being carried out. 
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